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Comparison of Theory and Experiment
for Nonlinear Flutter of Loaded Plates

C. 8. VenTrEs* anD E. H. DowrrLt
Princeton University, Princeton, N. J.

The flutter behavior of clamped plates exposed to transverse pressure loadings, or buckled
by uniform thermal expansion has been investigated theoretically, and the results compared
with existing experimental data. Quasi-steady aerodynamic theory and von Karméan’s plate
equations are employed. Two sets of in-plane boundary conditions are considered: 1) zero
in-plane motion normal to the edges, and 2) zero in-plane stress at the edges. A modal ex-
pansion of the transverse deflection is used in conjunction with Galerkin’s method to obtain
a set of nonlinear ordinary differential equations which are integrated numerically to deter-
mine the flutter motion. Good correlation is obtained between experimental and theoretical
flutter boundaries for plates exposed to a static pressure differential. The stability bound-
aries of low aspect ratio plates with zero edge restraint are found to be more sensitive to pres-
sure loads than are those of plates with complete edge restraint. Moreover, comparisons with
available experimental data indicate that zero edge restraint is a good assumption for some
panel configurations. Finally, it is indicated that fair agreement between theory and experi-

ment can be obtained for buckled plates.

Nomeneclature
a = plate length
@, = modal amplitude
b = plate width
¢ = speed of sound
d = cavity depth
D = ERr%/12(1 — »*) = plate stiffness
E = Young’s modulus
h = plate thickness
I = area moment of inertia :
K = w(pyhat/D)V2 = dimensionless radian frequency
ks,ky = in-plane spring constants
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M = Mach number

N.,N, = in-plane stresses

P = pressure

P = pa*/Dh = dimensionless pressure

t = time

% = plate in-plane displacement, x direction
U = flow velocity

v = plate in-plane displacement, y direction
w = transverse plate deflection

z,,2 = plate coordinates

a = coefficient of thermal expansion

aray = in-plane restraint parameters [see Eq. (15)]
8 = (M2 — 1)v2

Ap = gstatic pressure differential

AP = Apa*/D = dimensionless static pressure differential
AT = temperature differential

A Ay = in-plane stretchings [see Eq. (5)]

u = pa/pmh = dimensionless flow density

v = Poisson’s ratio

p = air density

om = plate density

t(D/pmha*)t’? = dimensionless time
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& = Airy stress function
» = radian frequency
Subscripts

f = flutter

p = peak

¢ = cavity

1. Introduction

HE general nature of the nonlinear (finite deflection)

flutter behavior of flat plates has been discussed from a
theoretical standpoint by several investigators,'~® none of
whom treated the technically important case of a clamped-
edge three-dimensional plate. As a result, detailed quanti-
tative comparisons between the results they present and
much of the experimental data published in the literature is
impossible. In this paper, therefore, the nonlinear flutter of
three-dimensional clamped plates is investigated theoretically.
Primary emphasis is placed on making comparisons between
theory and experiment.

The von Kdrmén plate equations are used to describe the
elastic behavior of the plate. The nonlinear terms in these
equations become important whenever deflections com-
parable to the plate thickness occur. Such deflections are
known to occur during flutter. They also may oceur prior
to flutter if the plate is exposed to a static pressure differ-
ential between its upper and lower surfaces, or is buckled by
in-plane compressive loads (which may be of either mechanical
or thermal origin). In such situations the nonlinear theory
is required not only to predict the amplitude and frequency
of the limit cycle (flutter) motion, but also to prediet the
onset of the instability (the flutter boundaries). At present,
very little quantitative experimental information is available
on the amplitude of the flutter motion itself, but stability
boundaries have been measured for pressure loaded and
buckled plates.4~7 Stability boundaries from Ref. 7 for
pressure loaded plates and from Ref. 6 for buckled plates
will be compared here with their theoretical counterparts to
assess the accuracy of the nonlinear theory.

The aforementioned nonlinear terms in the von K4rmdn
plate equations reflect the effect of structural coupling be-
tween the transverse plate deflection and in-plane membrane
stresses induced by the deflection itself. However, the na-
ture and distribution of these membrane stresses depend
on the degree to which inplane motions of the plate edges are
restrained. This restraint appears, in the structural theory
used here, as the in-plane boundary conditions satisfied at
the edges of the plate. Since these boundary conditions
were not well defined in the experimental investigations
chosen for the correlations, it has been found necessary to
explore the extent to which inplane edge restraint conditions
affect the flutter behavior of loaded plates. This has been
done by deriving and solving plate equations of motion ap-
propriate for the two limiting cases of complete and zero in-
plane restraint, and by providing an approximate correc-
tion for the presence of partial restraint.

Some preliminary results of the investigation presented
here have been repor ted in Ref. 8, and a more detalled account
of the work is given in Ref. 9.

2. Problem Formulation

With a view toward making comparisons between theory
and experiment, the panel geometry selected for considera-
tion is shown in Fig. 1. The panel is a flat plate clamped
at all four edges. The plate edges are, however, allowed to
move in the plane of the plate, subject to elastic restraint.
Beneath the plate is a sealed eavity, and over it, a uniform
supersonic flow.
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Fig. 1 Panel geometry.

Von Kérmdn’s large deflection plate equations are used
to describe the elastic behavior of the plate;
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In Eq. (1), p is the aerodynamic pressure loading due to the
uniform supersonic flow. For high Mach numbers this
pressure is given approximately by the usual quasi-steady
expression

U2 ow 1M —20
p= P ( w) ®)
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The other two pressure loading terms are, respectively, the
static pressure differential Ap existing between the cavity
and the external flow, and the acoustic pressure p. created
within the cavity by the plate motion. The static pressure
differential is a given constant inhomogeneous term. For
shallow cavities the acoustic pressure is approximated by
the static expression

_ _ b (e fb
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derived from the change in cavity volume due to the plate
deflection.®

The influence of in-plane edge restraint is reflected in the
in-plane boundary conditions satisfied at the plate edges.
For most panel configurations the in-plane stresses and dis-
placements on the boundary are functionally related, the
nature of the relationship being dependent on the design of
the particular panel support framework. Rather than
attempting to represent exactly the inplane boundary condi-
tions appropriate to any one panel configuration, in this paper
two extreme cases will be considered. The first is that of a
plate whose edges are completely restrained against in-plane
motion. The boundary conditions appropriate for this situa-
tion are that u = 0 and v = 0 at the edges. However, for
convenience in analysis these conditions will be modified to
require that only the displacement normal to the edge vanish,
and that the shear stress be zero. These latter boundary
conditions have been shown to be a good ‘‘approximation’
to the former set in the sense that modal expansions of the
von Kdrmdn equations satisfying each set exactly differ very
little from each other.’* The in-plane displacements » and
v are related to the Airy Stress Funetion @ through the stress
displacement relations for the plate;
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These can be integrated to compute the total stretchings
A =u(a,y) — u(0,y) and A, =v(z,b) — v(2,0):

0P o¥p 1 e fow\?
A, Ehf (by2 — 2) dr — iﬂ) (b—J;) dz + aaAT

6y
0P oxp 1 3 fow\?
A, Ehf (M2 - Z) dy — éfo (b—y) dz + baAT
Note that the thermal expansion due to a constant tempera-
ture rise AT has been included. Setting A, = A, = 0 is
equivalent to requiring that the normal displacements vanish
on the edges. Thus the boundary conditions are

A, = Ay = 0 and N,, = 0 on the edges (6)

The second set of boundary conditions to be considered are
those of a plate whose edges are completely unrestrained.
The stresses then vanish at the plate edges. In terms of the
Airy Stress Function ® this requirement takes the form

®=0 =0
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3. Method of Solution

3.1 Modal Expansion

The system of Eqgs. (1-4) are transformed into a set of
ordinary nonlinear differential equations by the Galerkin
method, in which the deflection w is expanded in a series of
modes that satisfy the appropriate boundary conditions.
For a clamped plate the following expansion has been chosen:

Faon@e) o

Yn(z/a) = cos(m — )(zz/a) — cos(m + V)(zz/a) (9)

Only one mode has been retained in the cross-stream direc-
tion. This approximation is motivated by the fact that the
first cross-stream mode is known to be critical in the linear
theory for the stability of flat, unbuckled plates. For
buckled plates one cross-stream mode may not be sufficient;
see Sec. 4.5 for further discussion on this point.

The series (8) is inserted into Eq. (2). This linear partial
differential equation is solved for ®, using boundary conditions
(6) or (7). The manner in which this is done is described
briefly below. Despite the choice of the simplest possible
modal funetions? appropriate for clamped plates, the calcula~
tions involved are extremely tedious, and the expressions
arrived at very lengthy. Therefore, they will not be dis-
played completely here; only the general form of the equa-~
tions will be given. Refer to Ref. 9 for details.

3.2 Complete In-Plane Edge Restraint

A particular solution ®, of Eq. (2) is easily found. This
solution is outlined in Appendix 1. It will be written sym-
bolically here as

N N
= ZI Zl D (X, y) Am(E) AR (L) (10)

If ®, and the series expansion (8) for w are inserted in rela-
tions (5), it is found that A, and A, are, respectively, inde-~
pendent of ¥ and 2. Therefore, a simple homogeneous solu-
tion to KEq. (2), corresponding physically to a uniform
expansion of the plate, is added to ®, to form the complete
solution

& =&, + %(N¢y2 + Nuxz) (11)
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The total stretchings are now recalculated as
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To satisfy boundary conditions_(6), A, and A, are set to

zero, thus determining N. and N,;
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The solution ® as given by Eq. (11) is found to satisfy
N,y = 0 on the plate edges without further modification.
Note that the conditions A, = 0 and A, = 0 could not have
been satisfied using the simple homogeneous solution L(N,y?
+ N,z%) had A, and A, not turned out to be independent of
yand .

3.3 Zero In-Plane Edge Restraint

The stress function ® is expanded in a series of functions
that satisfy boundary conditions (7);

2 3 z P run(1) Yo (x) 2 (?;) (12)
m=1 n= a
(odd)
where the ¢’s are given in Eq. 9. The assumed form [Eq.
(8)] for w is symmetric about the line y = b/2. The stress
function ® must share this symmetry, so that only the modes
¥(y/b), n = 1,3 . . . are included in the expansion (12).
Galerkin’s method is used to transform Eq. (2) into a set
of simultaneous linear algebraic equations for ®mn

23 E’ Aklmn mn = Z Z lemnA A

m=1n= m=1n=
(odd)
k= 1N, 1= 1N, (odd)

The array Agm. possesses a unique inverse Awum. ! that
can be found numerically. The solution for ® then has the

form
N N N: Ny N: Ny
S5 iz 55 S A X
m=1n=1 =1g=1r=1s=1

Gremntsy (f;) Ve (Z)} A4,
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Normally, series expansions of the type (12) are only slowly
convergent, since they must be differentiated twice to produce
the in-plane stresses. However, in the present context the
membrane stresses are not themselves of primary interest,
but rather certain weighted integral averages of these stresses
that appear in the modal equations to be discussed in Sec.
3.5. When N terms are retained in the modal expansion
for w, it has been found that sufficient accuracy for the
present purposes is realized by use of N. = 2N + land N, =
3inEq. (12).

3.4 Finite Edge Restraint

The stress function (12) will now be modified to allow
approximately for finite in-plane restraint. This is done by
introducing averaged boundary conditions.’? A simple
homogeneous solution is added to the series (12):

N-’li N‘!! — —

(odd)

Since Ynm(x/a) and Yn(y/b) satisfy boundary conditions (7),
N.and N, are the in-plane stresses on the plate edges. These
are made to be proportional to the average values of the total
stretchings;
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The result is
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It should be noted that boundary conditions (14) do not be-
come equivalent to boundary conditions (6) when k., ky, — o,
because Eq. (14) then requires only that the average total
stretching be zero.

3.5 Modal Equations of Motion

To complete the Galerkin procedure, the stress functions
(11) or (13) are substituted along with the modal expansion
(8) for winto Eq. (1). The resulting expression is multiplied
successively by yi(z/a)-.(y/b) and integrated over the
area of the plate. A set of nonlinear ordinary differential
equations in time is obtained. This set of equations has the

NONLINEAR FLUTTER OF LOADED PLATES 2025

following general form, in dimensionless notation:

N da; N
> Su PR > (O + Dyja; —
i=1 T i=1
M2 — 2\ [uN\12 X da;
<J\42 — 1) <ﬁ> ].; Sii dr
N N N

S Bouaaus — xcg Suas + APSy  (16)

j=1k=11=1

In these equations the a; = Ai/h are the (dimensionless)
modal amplitudes, while A\, u, AP, M, and A.a/d are the
flow dynamie pressure, flow density, static pressure differ-
ential, Mach number, and cavity density. Henceforth, the
expression [(M? — 2)/(M? — 1) l(uX/B)'? will be replaced by
its asymptotic value for large Mach numbers, (u)/M)2,
The quantities 1 and M then appear only as the ratio u/M.
See Sec. 4.1 in this regard.

The symmetric matrices S;; and C; are inertial and elastic
coupling matrices, respectively. Matrix C;; contains o AT
as a parameter; for sufficiently large aAT, the elements of
Ci; change sign (plate buckling). The presence of nonlinear
structural coupling between out-of-place bending and in-
plane stretching is reflected in the array By This array
contains a, and «, as parameters, and the values of the
terms in the array depend on whether expression (11) or (13)
has been used for P.

Equations (16) are solved by numerical integration. The
panel configuration to be studied is defined by the material
constant v (Poisson’s ratio), the plate length/width ratio
a/b, and the boundary flexibility parameters a. and aoy.
The aerodynamic forces on the panel and in-plane loading
are determined by N, u/M, AP, Aa/d, and aAT. The re-
sult of the integration is a time history of the modal ampli-
tudes a:(r), ¢ = 1, ... N, that can be used to study both the
stability of the panel and the nature of its postflutter motion.

4. Results and Discussion

4.1 Preliminary Results

The plate response tine histories obtained in the manner
described here are qualitatively similar to those described in
Ref. 4, in which the nonlinear flutter of simply supported
plates is treated. Therefore, the reader should consult that
reference for a more detailed discussion of the following points,
mentioned only briefly here.

The response time history of a plate that is stable in the
linear sense corresponds to a decaying transient; the panel
motion dies out with time. If the plate is linearly unstable,
the motion develops into a periodic limit ¢ycle. The limit
cycle motion is a simple harmonic oscillation for unbuckled
plates. For a/b < 2, the plate deflection is a standing wave,
with some phase shift appearing for larger values of a/b.
The largest deflection usually occurs near /¢ = 0.75. The
amplitude and frequency of the limit cycle oscillation gen-
erally do not depend on the initial conditions used to start the
integration. Of course, if Ap = 0, Egs. (16) are homo-
geneous, so that the initial conditions must be nonzero if a
nontrivial response is to be obtained.

The flow density parameter u/M is found to have only a
minor effect on the panel response, when limited to its range
of practical interest (0.01 < u/M < 0.1). Therefore, no
attempt has been made to accurately match u/M in com-
paring theory and experiment. Usually the convenient
value u/M = 0.1 was used, primarily to decrease the time
required for the initial transient to decay.

Finally, it has been found, as in Ref. 4, that 4 to 8 modes
must be used in the modal expansion for w to obtain quanti-
tative accuracy. Six modes have been used to compute the
results presented here.
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Fig. 2 Flutter amplitude vs dynamic pressure.

4.2 ; Unloaded Plates

In Figures 2 and 3 are shown the limit cycle amplitude and
frequency for initially stress-free clamped plates, with and
without in-plane edge restraint. Note in Fig. 2 that the
presence or absence of in-plane restraint does not affect the
flutter boundary (the value of A for which (w/h), — 0).
This is to be expected, since the in-plane boundary conditions
affeet only the nonlinear terms in the equations of motion,
and these have a negligible effect on small amplitude motions
about the flat configuration. In-plane restraint conditions
thus affect only the postflutter motion.

The amplitude of the limit cycle is greatest for plates with-
out in-plane restraint. For two dimensional plates without
in-plane restraint no final amplitude exists within the context
of the present theéory, since there are then no membrane
stresses associated with the flutter motion. [This can be
seen in Eq. (2). The right-hand side of this equation is
proportional to the Gaussian curvature of the plate, which is
zero for deflections independent of y. Any contribution to
® must therefore come from the boundary conditions.] As
a/b increases, however, the Gaussian curvature associated
with the flutter motion inecreases, so that membrane stresses
are created even in the absence of in-plane restraint at the
edges. The ratio of the limit cycle amplitudes for plates
with and without in-plane restraint therefore decreases as
a/b increases (Fig. 2). The frequency of flutter is somewhat
less for plates without in-plane restraint, as shown in Fig. 3,
although the difference is small.

4.3 Natural Frequencies of Pressure Loaded Plates

A plate exposed to a transverse pressure load undergoes a
static deformation that causes stretching in the middle surface
of the plate. The membrane stresses associated with this
stretching stiffen the plate, raising its natural frequencies of
vibration. In-plane boundary support flexibility will relieve
the membrane stresses and so change the natural frequencies
of the loaded plate. Since it is known from the linear theory
that the stability of a plate in a uniform airflow is governed
by the relative spacing of its natural frequencies, it is im-
portant that the in-plane boundary conditions be known,

200
150 o W20
K
100 — 0b=10
/ COMPLETE IN- PLANE
50 Wb =0, EDGE RESTRAINT
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0
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Fig. 3 Flutter frequency vs dynamic pressure.
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and that their effect on the frequency spectra be understood.
Moreover, the accuracy with which the natural frequencies
can be computed provides an excellent test of the ability of
Egs. (16) to properly represent the elastic behavior of the
plate.

Figure 4 shows the effect of a static pressure differential on
the lowest three natural frequencies of a panel built and
tested by the authors.I The panel consisted of an aluminum
plate, 20 in. X 10 in. X 0.05 in., bonded onto a rectangular
frame built up of aluminum rails welded together at the
corners. Also shown in Fig. 4 are natural frequencies
computed from the modal equations (16), for the limiting
cases of zero and complete in-plane restraint. These calcu-
lations were carried out by setting A = 0 in the equations of
motion but using a nonzero value of (uN/M)Y? to provide
damping. The equations were integrated to find the static
reflection under the pressure loading, and then linearized
about this equilibrium configuration to determine the natural
frequencies in the usual way.

Note that theory and experiment agree quite well at Ap =
0, but that the assumption of complete in-plane restraint con-
siderably over estimates the frequencies for Ap # 0. The
experimental data lie closest, in fact, to the curves for zero in-
plane restraint. Presumably the rails to which the plate
edges were bonded were sufficiently rigid to restrain them
against rotation (thereby maintaining a “‘clamped” boundary
condition), yet were unable to provide complete restraint
against in-plane motions at the edges.

The plate natural frequencies have been recalculated in
Fig. 5, using nonlinear terms Bju computed from Eqgs. (13).
Values of a. and «, were estimated from measurements of
the plate static deflection under the pressure load. (The
static deflection data appeared in Ref. 8, and will not be
repeated here.) The panel side rails were assumed to bend
as simple beams under the in-plane loads caused by the plate
deflection. The mean deflection of the side rails would then
be proportional to the fourth power of their length, so that

k. = C(EI/bY, k, = C(EI/a%)

where EI is the common bending rigidity of the two sets of
beams, and C is a dimensionless constant. These values of
k. and &k, were used to determine @, and ay, from their defini-
tions, Egs. (15). It is also possible that some in-plane
flexibility is provided by the relatively low shear modulus of
the bond between the plate and frame. If this were the
case, the appropriate ratio between «. and a, would be
altered somewhat. However, calculations indicate that
only the flexibility of the longer sides is important, so that
this ratio is not critical. The value of C that provided the
best match with the measured pressure static deflection data
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Fig. 4 Natural frequencies vs static pressure differen-
tial.

I Some of the results that follow were reported in Ref. 8.
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was used to compute the plate natural frequencies shown in
Tig. 5. The agreement between theory and experiment is
now quite good for all values of Ap. Therefore, flutter
calculations carried out with values . and «, determined
in the manner discussed previously should give improved
agreement between theory and experiment.

4.4 Flutter of Pressure Loaded Plates

The results of the previous section indicate that in-plane
restraint conditions play an important role in determining the
natural frequencies of plates exposed to a static pressure
differential. In this section flutter boundaries for pressure
loaded plates with and without in-plane restraint will be
determined, and compared with experimental results from
Ref. 7. The results of vibration tests, taken from Ref. 7,
and similar to those described in the previous section, will be
used to obtain an independent estimate of the degree of edge
restraint present in the panels used for the flutter experiments.

The panels tested in Ref. 7 consisted of aluminum alloy
plates bonded onto a supporting framework with epoxy ece-
ment. The frames were built up of aluminum beams bolted
and bonded together at the ends. For the two panels of
interest here, the plates were 0.020 and 0.025 in. thick, and
measured 8.5 in. X 18.5 in. between supports.§ These
panels were designated as panels 10-20-20 and 20-10-25,
respectively. For convenience, the same designations will be
used here.

The natural frequencies of both panels were measured prior
to the wind tunnel tests, while exposed to a static pressure
loading. For this purpose a sealed cavity 24 in. deep was
formed beneath the plate, and pressurized. Because of the
small cavity depth, a pronounced cavity effect was present
during the testing. The results of the vibration tests on
pane) 10-20-20 are shown in Fig. 6. Those for panel 20-10-25
are similar, Also shown are theoretical frequencies calcu-
lated in the same manner as described previously, with the
exception that the effect of the cavity [in the form of the
static cavity approximation, Eq. (4)], was included in the
calculations.

Vibration tests of this sort are carried out by forcing air
into the cavity until a preselected pressure is attained, and
then measuring the natural frequencies of the panel. During
the initial ‘“pumping up”’ phase of the experiment the cavity
is connected to a supply of compressed air, so that the cavity
volume is effectively infinite. Therefore, in using the modal
Egs. (16) to calculate the static plate deflection caused by the
pressure, the cavity parameter A.(a/d) was set to zero. On
the other hand, during the vibration tests the effective cavity
volume is finite. The appropriate (nonzero) values of
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Fig. 5 Natural frequencies vs static pressure differen-
tial.

§ Not all the data for pressure loaded panels from Ref. 7
were used. However, the results presented here are typical,
and inclusion of the remaining material would not change the
conclusions reached.
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Fig. 6 Natural frequencies of pressure loaded plate.

Ne(a/d) were therefore included in the equations in computing
the natural frequencies of the plate.

Figure 6 indicates clearly that an appreciable amount of
in-plane flexibility was present. The experimental results
lie closest to the curves calculated for zero restraint, as was
the case for the panel mentioned in the previous section.
This latter panel was similar in construction to the present
ones.

Tt should be pointed out that a preliminary comparison of
this same data with a nonlinear theory for two-dimensional
plates gave no indication of the presence of in-plane support
flexibility.? This misleading result was due to a failure to
set the cavity parameter A.(a/n) to zero in calculating the
static equilibrium plate deflection, as discussed previously.

Panel 20-10-25 was mounted in the wind tunnel with its
long sides parallel to the flow, so that in the present termi-
nology, a/b = 2.18. Panel 10-20-20 was tested with its short
side parallel to the flow, so that a/b = 0.46. The cavity was
pressurized during the flutier testing. The panel stability
boundaries were determined as a function of the pressure
differential between the cavity and a static pressure tap
located 1 in. upstream of the loading edge of the plates. The
tunnel Mach number was 2.0 for all tests of interest here.

The stability boundaries obtained were not symmetric
about Ap = 0. Since the flutter boundaries for a perfectly
flat plate would have such symmetry, and since the measured
natural frequencies shown in Fig. 6 give no indication that
the two plates were not flat, the asymmetry is presumably due
to streamwise pressure gradients in the mean tunnel flow, or
to misalignment between the flow and the plate. Therefore,
the data presented in Figs. 7 and 8 have been adjusted to
make them symmetric about Ap = 0. This effectively
assumes the existence of some equivalent constant Ap.

The theoretical flutter boundaries shown in Figs. 7 and 8
were obtained by computing the plate flutter amplitude for
various values of AP at a fixed value of N (or various A at
fixed AP, whichever proved most convenient), and then ex-
trapolating to determine the point at which the flutter
amplitude is zero. The effect of the cavity was included in
the form of the static approximation, Eq. (4). In addition,
experimentally determined values for the natural frequencies
(for Ap = 0) of the two panels, taken from Ref. 7, were used
to account approximately for the effects of imperfect panel
construction. These frequencies characterize the linear
elastic behavior of the panels. They were inserted in the
modal equations (16) by selecting a change of variables
é; = 2; Qie; that simultaneously reduced the matrix Si; to
the identity matrix and Cy; to a diagonal matrix. The ele-
ments on the diagonal of Cy; were then the squares of the
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Fig. 7 Flutter dynamic pressure vs static pressure dif-
ferential.

theoretical natural frequencies of the plate.’® These were
replaced by their measured counterparts, and the reverse
transformation carried out. The other terms in Eqs. (16)
were not affected by this process.

Note that the relative positions of the stability boundaries
calculated for zero and for complete in-plane restraint are
reversed in the two figures. Moreover, in Fig. 8 a pressure
differential is seen to have a destablizing effect on the plate
with complete restraint. These rather surprising results
are consistent with the frequency spectra for the plate men-
tioned in Sec. 4.4 (¥ig. 4). For a/b = 2, flutter is caused by
aerodynamic coupling between the natural modes correspond-
ing to Ky and Kj.. The stability of the panel is dependent
on the separation between these two frequencies. As seen
in Fig. 4, the dependence of K;» on AP is not sensitive to the
in-plane boundary conditions. On the other hand, Ky in-
creases rapidly with AP for the case of complete in-plane
restraint, but more slowly for zero restraint. The pressure
differential, therefore, increases the separation between these
two frequencies for zero restraint, but decreases the separa-
tion for complete restraint. The panel with zero restraint is
thus stabilized by the pressure differential, while the one
with complete restraint is somewhat destabilized, in agree-
ment with Figs. 7 and 8.

It should be recognized that the behavior of a plate exposed
to a pressure load depends not only on the membrane stresses
caused by the load, but on the induced midplane curvature
as well. For fully restrained plates, the effect of the tension
is predominant, but for plates without in-plane restraint the
influence of the curvature must be considered also. Previous
investigators have sought to equate the effect of a static
pressure differential solely to that of an equivalent in-plane
tension.'* This works fairly well for plates with complete
in-plane restraint, but leads to the erroneous conclusion that
unrestrained plates are not affected by pressure loads, for
any a/b.%% The results presented here show that this is so
only for a/b K 1.

The best agreement between theory and experiment in
Figs. 7 and 8 is obtained by assuming zero in-plane restraint.
This is consistent with the correlation between the measured
and calculated frequency spectra for the same two panels
(Fig. 6), discussed earlier. From this it can be reasonably
concluded that plates supported by seemingly massive support
structures may behave as though relatively free of in-plane
restraint, and that modal equations based on von Kdrmén's
nonlinear plate equations provide reasonably accurate pre-
dictions of the flutter behavior of plates exposed to static pres-
sure differentials.

4.5 Buckled Plates

The flutter behavior of buckled plates is more complicated
than that of unbuckled plates, primarily because of the
existence of more than one equilibrium configuration (more
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Fig. 8 Flutter dynamic pressure vs static pressure dif-
ferential.

than one possible buckled shape). Under some conditions
the plate indulges in a so-called “oil canning’’ behavior, in
which it moves alternately from the neighborhood of one
buckled configuration to another. The resulting flutter
motion is not simple harmonic and may not even be periodic.?
Moreover, the presence of more than one possible equilibrium
configuration lends some credence to the existence of sus-
tained flutter oscillations below the linear flutter boundary.
Such motions have been computed numerically for buckled
two-dimensional plates.* :

Most experimental work has been done on plates buckled
by thermal expansion.*~% Attempts to compare theory and
experiment have been limited to the nonbuckled range by
the absence of theoretical results for buckled three-dimen-
sional plates with clamped edges. The effect of a static
pressure differential, present during the flutter tests, was
accounted for in & semiempirical manner.*-$

In this section the present nonlinear theory will be com-
pared with experimental results from Ref. 6 for plates with
a length/width ratio of 2.9, buckled by thermal expansion.
The testing was done at Mach number 3 in a blow-down wind
tunnel. The tunnel dynamic pressure was held constant
during each run (or was varied in step-wise increments).
The plate being tested was heated by the airflow so that the
in-plane loading increased with time, exceeding the buckling
value before termination of the run. With but few excep-
tions flutter occurred prior to buckling, and then ceased at
some point subsequent to buckling, while the run was still
in progress. The temperature of the plate at the inception
of flutter (flutter start) and at the cessation of flutter (flutter
stop) was recorded.

Temperatures were recorded at several points on the lower
surface of the plate during each test. The temperature dis-
tribution was not constant, but the difference between the
temperatures recorded near the edges differed by only 209,
of the average temperature rise. Therefore, in what follows
it will be assumed that the plates were heated uniformly
by the flow, and consequently that the in-plane stresses were
constant over the surface of the plate.

Unfortunately, the temperature of the framework on
which the plate was mounted was not recorded, or at least
not published. Therefore, it was not possible to determine
unambiguously the temperature rise AT which best char-
acterized the thermal stresses in the plate. However, the
plates used were 0.081 in., 0.063 in., and 0.053 in. thick,
whereas the frame on which they were mounted was about £
in. thick. It is, therefore, reasonable to surmise that the
frame temperature did not change much during the short
period (about 10-40 sec) of tunnel operation.

For a given temperature differential AT, the nature of
the in-plane loading depends on the in-plane boundary condi-
tions. If the edges are completely restrained against in-
plane motion, the in-plane stresses N. and N, are equal,
and (a?/D)N. = (a?’/D)N, = 12(1 + »)(a/h)?aAT. The
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parameter Rr == 12(1 + »)(a/h)?a AT will be used to describe
the thermal loading on the plate, even though it may not be
fully restrained. If the plate is not fully restrained, then
the in-plane stresses are equal only if a. = ay:

a? N. — o (1 + vay)(1 — v)
D 1 — via,ay

ay(1 + va.)(1 —»)

1 — Va0

Rr

2
TN = Rr
The plates tested were riveted to their support frames.
Apparently, no attempt was made to determine experi-
mentally the effective boundary support flexibility of the
resulting structure.

The assumption of complete in-plane edge restraint pro-
duces the flutter boundaries shown in Fig. 9. Flutter bound-
aries are shown for both AP = 0 and AP = 5000, which
values bracket most of the measured pressure differentials
reported in Ref. 6. Despite the spread in the experimental
data, the agreement between theory and experiment in Fig. 9
is not good. Nevertheless, the theoretical stability bound-
aries do possess some qualitative resemblence to the experi-
mental data. Both theory and experiment show a marked
decrease in A; with increasing Rr, followed by an increase
in the buckled regime. Moreover, the presence of a pressure
differential is seen to eliminate the very low value of A\, at the
“elhow’’ in the flutter boundary for AP = 0.

Since the elbow in the theoretical stability boundaries
occured at or very near to the Euler buckling load Rr =
320, and since it can be seen in the experimental data that no
panel was observed to remain flat for Ry > 1200, it was de-
cided to select values of «. and @, so that buckling would
oceur at Ry = 1200. This is equivalent to assuming that the
airflow does not affect the static buckling load. In con-
sideration of the riveted edge construction, the spring con-
stants k. and k, in the boundary conditions (14) were assumed
to be equal. The value of k. and k, that caused buckling to
occur at Ry = 1200 was selected, and then «., and «, were
computed from their defining relations (15). Using non-
linear terms B based on Ref. 13, the stability boundaries
shown in Fig. 10 were computed.

In Fig. 10, two futter boundaries are shown in the buckled
regime. The “linear” or “small disturbance’ flutter bound-
ary was computed using a buckled equilibrium configuration
as an initial condition for the numerical integration of the
modal equations of motion. On the other hand, calculations
proceeding from a flat plate initial condition produced sus-
tained futter-like oscillations below this linear flutter bound-
ary. Since the buckled shapes involved deflections on the
order of several plate thicknesses, this is physically equivalent
to applying a large disturbance to the plate. These oscilla-
tions may have been only extended transients, although the
integrations was continued out to 7 = 11. (On this same
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Fig. 9 Fluiter dynamic pressure vs temperature dif-
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time scale, the “frequency” of the motion was about 20, so
that some 220 “cycles” were computed.) Nevertheless, the
numerical results obtained do suggest that sustained flutter
oscillations are possible for A, Rr combinations above the
shaded area in Fig. 10. Note that this “large disturbance”
flutter boundary is in excellent agreement with the experi-
mental data, since most of the data in that region are flutter
stop points.. The existence of two flutter start points in the
same region is not explained by the large disturbance flutter
boundary, however. Tt is also possible that some of the dis-
crepancy between the experimental data and the linear
flutter boundary can be explained by the existence of cross-
steam coupling,’® involving higher spanwise modes not in-
cluded in the modal expansion (8) for w.

The flutter motion computed from the present theory
agrees qualitatively with deseriptions of the behavior ob-
served experimentally. The plate motion is not simple
harmonic, nor strictly periodic, but the peak deflections
attained are repetitive. The motion is of the traveling wave
variety, with two half wavelengths along the length of the
plate. The buckled equilibrium shapes computed below
the large disturbance flutter boundary consisted of two half
wavelengths as well. Since the motion computed was not
exactly periodic, an equivalent radian frequency was calcu-
lated by multiplying the number of amplitude peaks en-
countered per unit time (averaged over an extended time
interval) by w. This frequency, shown in Fig. 11, is in
generally good acecord with the experimental data for all
values of Rr. The band of frequencies shown were obtained
for values of A just above the large disturbance flutter bound-
ary (for R+ > 1200), since these correspond to those observed
in the experiments.

5. Conclusions

The flutter behavior of plates exposed to static transverse
loads and in-plane loads has been studied theoretically, and
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the results compared with available experiment data. Von
Kérmdn’s nonlinear plate equations were used to formulate
modal equations for the motion of a clamped plate in a uni-
form supersonic stream. Quasi-steady (high Mach number)
aerodynamic theory was used.

The inplane boundary conditions satisfied at the edges of
the plate were found to have an important effect on the
behavior of the plate whenever it is forced to undergo large
deflections. Therefore, the natural frequencies of a panel
exposed to a transverse pressure load were measured experi-
mentally to gain some indication of the degree of in-plane
restraint that might be expected in practice. The panel
tested was similar in construction to the type commonly used
in wind-tunnel flutter tests. Comparison of the measured
frequencies with values calculated for plates with complete
and with zero inplane restraint, indicated that the panel be-
havior was more closely represented by the assumption of
zero restraint than complete restraint. The degree of edge
restraint actually present was estimated by matching calcu-
lated and measured values for the plate static deflection
under pressure. Use of this estimated support flexibility in
the natural frequency calculations provided excellent agree-
ment between the calculated and measured natural fre-
quencies of the plate.

Calculations made for the flutter boundaries of plates ex-
posed to a static pressure differential also demonstrated the
importance of in-plane edge restraint. It was found that
edge support flexibility decreases the stabilizing effect of the
static pressure differential for high aspect ratio plates, but
increases it for low aspect ratio plates. In particular, and
contrary to previously published statements,® low aspect
ratio plates without edge restraint are strongly influenced
by static pressure differentials. Comparison of the calculated
stability boundaries with available experimental results
show good correlation, but demonstrate the importance of
determining the appropriate inplane support conditions in
all future flutter test work. It is suggested that panel static
deflection and/or natural frequency measurements of the
type described in Sec. 4.3 be used for this purpose.

For plates exposed to static pressure loads and buckled by
uniform thermal expansion, the present theory gives fair
agreement with experiment. Numerical evidence is pre-
sented for the existence of sustained flutter motions below
the linear stability boundary, for a clamped plate with a/b =
2.9. For thermally buckled plates the in-plane boundary
conditions influence both the buckling temperature and the
large-deflection elastic behavior of the plate, Proper defini-
tion of these boundary conditions during future experiments
would make possible more precise comparisons with the
nonlinear theory presented here. A simple thermal buckling
experiment, in which the plate is heated radiantly in its
mounting frame until it buckles, would be a good first step.’
The mean plate temperature at buckling and the mode of
buckling could be used to estimate the gross boundary sup-
port flexibility, and the relative flexibilities of the long and
short sides of the plate.

Appendix
When expression (8) is inserted into Eq. (2), the right-hand
side of Eq. (2) can be expressed as a sum of products of

9 The vibrational behavior of buckled plates is discussed in
Ref. 17.
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trigonometric functions of z/e¢ and y/b. The particular
solution is obtained by assuming a solution of the same form,
containing an arbitrary multiplicative constant. This
constant is evaluated by substituting the assumed solution
into Eq. (2) and equating like terms on each side of the
equation. The resulting solution has the form given in Eq.
(10), in which ®,.7(z,y) is an elaborate combination of
trigonometric functions of z/a and y/b.
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